We prove that the art gallery problem is equivalent under polynomial time reductions to deciding whether a system of polynomial equations over the real numbers has a solution. The art gallery problem is a classic problem in computational geometry, introduced in 1973 by Victor Klee. Given a simple polygon P and an integer k, the goal is to decide if there exists a set G of k guards within P such that every point p ∈ P is seen by at least one guard д ∈ G. Each guard corresponds to a point in the polygon P, and we say that a guard д sees a point p if the line segment pд is contained in P.
INTRODUCTION
The Art Gallery Problem. Given a simple polygon P, we say that two points p, q ∈ P see each other if the line segment pq is contained in P. A set of points G ⊆ P is said to guard the polygon P if every point p ∈ P is seen by at least one guard д ∈ G. Such a set G is called a guard set of P, and the points of G are called guards. A guard set of P is optimal if it is a minimum cardinality guard set of P.
In the art gallery problem we are given an integer д and a polygon P with corners at rational coordinates, and the goal is to decide if P has a guard set of cardinality д. We consider a polygon as a Jordan curve consisting of finitely many line segments and the region that it encloses. The art gallery problem has been introduced in 1973 by Victor Klee, and it has stimulated extensive research in geometry and in algorithms. However, the complexity status of the art gallery problem has stayed unresolved. We are going to prove that the problem is ∃R-complete. Below, we give a formal definition of the complexity class ∃R.
The Complexity Class ∃R. The first order theory of the reals is a set of all true sentences involving real variables, universal and existential quantifiers, boolean and arithmetic operators, constants 0 and 1, parenthesis, equalities and inequalities, i.e., the alphabet is the set {X 1 , X 2 , . . . , ∀, ∃, ∧, ∨, ¬, 0, 1, +, −, ·, ( , ) , =, <, ≤} .
A formula is called a sentence if it has no free variables, so that each variable present in the formula is bound by a quantifier. Note that within such formulas, one can easily express integer constants (using binary expansion) and powers. Each formula can be converted to a prenex form, which means that it starts with all the quantifiers STOC'18, June [25] [26] [27] [28] [29] 2018 , Los Angeles, CA, USA Mikkel Abrahamsen, Anna Adamaszek, and Tillmann Miltzow and is followed by a quantifier-free formula. Such a transformation changes the length of the formula by at most a constant factor.
The existential theory of the reals is a set of all true sentences of the first-order theory of the reals in prenex form with existential quantifiers only, i.e., sentences of the form (∃X 1 ∃X 2 . . . ∃X n ) Φ(X 1 , X 2 , . . . , X n ),
where Φ is a quantifier-free formula of the first-order theory of the reals with variables X 1 , . . . , X n . The problem ETR is the problem of deciding whether a given existential formula of the above form is true. The complexity class ∃R consists of all problems that are reducible to ETR in polynomial time. It is currently known that NP ⊆ ∃R ⊆ PSPACE.
It is not hard see that the problem ETR is NP-hard, yielding the first inclusion. The containment ∃R ⊆ PSPACE is highly nontrivial, and it has first been established by Canny [13] . In order to compare the complexity classes NP and ∃R, we suggest the reader to consider the following two problems. The problem of deciding whether a given polynomial equation Q(x 1 , . . . , x n ) = 0 with integer coefficients has a solution with all variables restricted to {0, 1} is easily seen to be NP-complete. On the other hand, if the variables are merely restricted to R, the problem is ∃R-complete [31, Proposition 3.2].
Our Results and their Implications. We prove that solving the art gallery problem is, up to a polynomial time reduction, as hard as deciding whether a system of polynomial equations and inequalities over the real numbers has a solution. Theorem 1.1. The art gallery problem is ∃R-complete, even the restricted variant where we are given a polygon with corners at integer coordinates.
It is a classical result in Galois theory, and has thus been known since the 19th century, that there are polynomial equations of degree five with integer coefficients which have real solutions, but with no solutions expressible by radicals (i.e., solutions that can be expressed using integers, addition, subtraction, multiplication, division, raising to integer powers, and the extraction of n'th roots). One such example is the equation x 5 −x + 1 = 0 [39] . It is a peculiar fact that using the reduction described in this paper, we are able to transform such an equation into an instance of the art gallery problem where no optimal guard set can be expressed by radicals. More generally, we can prove the following. Theorem 1.2. Given any real algebraic number α, there exists a polygon P with corners at rational coordinates such that in any optimal guard set of P there is a guard with an x-coordinate equal α. This is a generalization of our work [2] , where we showed that irrational guards are sometimes needed in optimal guard sets. Our results justify the difficulty in constructing algorithms for the art gallery problem, and explain the lack of combinatorial algorithms for the problem (see the subsequent summary of related work). In particular, Theorem 1.2 rules out many algorithmic approaches to solving the art gallery problem. A natural approach to finding a guard set for a given polygon P is to create a candidate set for the guards, and select a guard set as a subset of the candidate set. For instance, a candidate set can consist of the corners of P. The candidate set can then be expanded by considering all lines containing two candidates and adding all intersection points of these lines to the candidate set. This process can be repeated any finite number of times, but only candidates with rational coordinates can be obtained that way, and the candidate set will thus not contain an optimal guard set in general. Algorithms of this kind are discussed for instance by de Rezende et al. [17] . One can get a more refined set of candidates by also considering certain quadratic curves [8] , or more complicated curves. Our results imply that if the algebraic degree of the considered curves is bounded by a constant, such an approach cannot lead to an optimal solution in general, since the coordinates of the candidates will also have algebraic degree bounded by a constant.
A semi-algebraic set is a set of the form {x ∈ R n : Φ(x)}, where Φ is a quantifier-free formula of the first-order theory of the reals with n variables. For many ∃R-complete problems, there is a deep connection between their solution spaces and semi-algebraic sets. The most famous result of this kind is Mnëv's universality theorem [33] . It yields that for every semi-algebraic set S there exists a pseudoline arrangement P such that the space L(P) (of all line arrangements topologically equivalent to P) is homotopy equivalent to S. We show a similar correspondence for the art gallery problem, see the full version [3] . Moreover, we can show the following result. Theorem 1.3 (Picasso Theorem). For any compact semi-algebraic set S ⊂ [0, 1] 2 , there is a polygon P S with corners at rational coordinates such that for any point p ∈ [0, 1] 2 we have p ∈ S if and only if there exists an optimal guard set G of P S with p ∈ G.
The name of the last theorem stems from the following imaginative interpretation. We are given any black and white picture (≈ semi-algebraic set), and we construct a special art gallery with this picture drawn at the floor. The theorem says that we can guard the gallery optimally if and only if one of the guards stands on one of the black points of the picture.
Related Work. The art gallery problem has been extensively studied, with some books, surveys, and book chapters dedicated to it [16, 18, 30, 35-37, 45, 50] . The research is stimulated by a large number of possible variants of the problem and related questions that can be studied. The version of the art gallery problem considered in this paper is the one originally formulated by Victor Klee (see O'Rourke [35] ). Other versions of the art gallery problem include restrictions on the positions of the guards, different definitions of visibility, restricted classes of polygons, restricting the part of the polygon that has to be guarded, etc.
The art gallery problem has been studied both from the combinatorial and from the algorithmic perspective. Studies have been made on algorithms performing well in practice on real-world and simulated instances of the problem [11, 17] . Another branch of research investigates approximation algorithms for the art gallery problem and its variants [10, 21, 25] .
The first exact algorithm for solving the art gallery problem was published in 2002 in the conference version of a paper by Efrat and Har-Peled [20] . They attribute the result to Micha Sharir. Before that time, the problem was not even known to be decidable. The algorithm computes a formula in the first order theory of the reals corresponding to the art gallery instance, and uses standard
The Art Gallery Problem Is ∃R-Complete STOC'18, June [25] [26] [27] [28] [29] 2018 , Los Angeles, CA, USA algebraic methods, such as the techniques provided by Basu et al. [6] , to decide if the formula is true. No algorithm is known that avoids the use of this powerful machinery. The formula has both existential and universal quantifiers.
Lee and Lin [28] proved, by constructing a reduction from 3SAT, that the art gallery problem is NP-hard when the guards are restricted to the corners of the polygon (note that this version, called the vertex-guard art gallery problem, is obviously in NP). Lee and Lin's paper also contains a proof that the point-guard art gallery problem (which we consider in the present paper, i.e., where the guards can be anywhere in the polygon) is NP-hard. The latter result is due to Aggarwal [4] according to O'Rourke [35] . Various papers showed other hardness results or conditional lower bounds for the art gallery problem and its variations [10, 12, 21, 24, 26-28, 38, 44, 49] .
A problem related to the art gallery problem is the terrain guarding problem. Here, the area above an x-monotone polygonal curve c has to be guarded by a minimum number of guards restricted to c. Friedrichs et al. [22] showed recently that terrain guarding is NP-complete.
The authors of the present paper [2] provided a simple instance of the art gallery problem with a unique optimal guard set consisting of three guards at points with irrational coordinates. Any guard set using only points with rational coordinates requires at least four guards. This could be an indication that the art gallery problem is actually more difficult than the related problems discussed above. Friedrichs et al. [22] stated that "[. . . ] it is a long-standing open problem for the more general Art Gallery Problem (AGP): For the AGP it is not known whether the coordinates of an optimal guard cover can be represented with a polynomial number of bits". In the present paper we prove that under the assumption NP ∃R the art gallery problem is not in NP, and such a representation does not exist.
A growing class of problems turn out to be equivalent (under polynomial time reductions) to deciding whether polynomial equations and inequalities over the reals have a solution. These problems form the family of ∃R-complete problems as it is currently known. Although the name ∃R was established not so long ago [30, 43] , algorithms for deciding ETR, which is the defining problem for ∃R, have long been studied, see e.g. the book of Basu et al. [7] . The class ∃R includes problems like the stretchability of pseudoline arrangements [33, 48] , recognition of intersection graphs of various objects (e.g. segments [31] , unit disks [32] , and general convex sets [41] ), recognition of point visibility graphs [15] , the Steinitz problem for 4-polytopes [40] , deciding whether a graph with given edge lengths can be realized by a straight-line drawing [1, 42] , deciding whether a graph has a straight line drawing with a given number of edge crossings [9] , decision problems related to Nash equilibria [23] , positive semidefinite matrix factorization [47] , and nonnegative matrix factorization [46] . We refer the reader to the lecture notes by Matoušek [31] and surveys by Schaefer [41] and Cardinal [14] for more information on the complexity class ∃R.
Overview of the Paper and Techniques. In this paper we only outline the main ideas and refer the reader to the full version [3] for the details. In Section 2, we show that the art gallery problem is in the complexity class ∃R. For that we present a construction of an ETR-formula Φ for any instance (P, д) of the art gallery problem such that Φ has a solution if and only if P has a guard set of size д. The idea is to encode guards by pairs of variables and compute a set of witnesses (which depend on the positions of the guards) of polynomial size such that the polygon is guarded if and only if all witnesses are seen by the guards.
The proof that the art gallery problem is ∃R-hard is the main result of the paper, and it consists of two parts. The first part is of an algebraic nature, and in that we introduce a novel ∃R-complete problem which we call ETR-INV. A common way of making a reduction from ETR to some other problem is to build gadgets corresponding to each of the equations x = 1, x + y = z, and x · y = z for any variables x, y, z. Usually, the multiplication gadget is the most involved one. An instance of ETR-INV is a conjunction of formulas of the form x = 1, x + y = z, and x · y = 1, with the requirement that each variable must be in the interval [1/2, 2]. In particular, the reduction from ETR-INV requires building a gadget for inversion (i.e., x · y = 1), which involves only two variables, instead of a more general gadget for multiplication involving three variables. The formal definition of ETR-INV and the proof that it is ∃R-complete is presented in Section 3. We believe that the problem ETR-INV might be of independent interest, and that it will allow constructing ∃R-hardness proofs for other problems, in particular those for which constructing a multiplication gadget was an obstacle that could not be overcome. ETR-INV has already been used to prove ∃R-completeness of a geometric graph drawing problem with prescribed face areas [19] , and to prove ∃R-completeness of completing a partially (straight-line) drawn graph [29] .
In Section 4, we describe a polynomial time reduction from ETR-INV to the art gallery problem, which shows that the art gallery problem is ∃R-hard. This reduction constructs an art gallery instance (P(Φ), д(Φ)) from an ETR-INV instance Φ, such that P(Φ) has a guard set of size д(Φ) if and only if the formula Φ has a solution. We construct the polygon so that it contains д(Φ) guard segments (which are horizontal line segments within P) and stationary guard positions (points within P). By introducing pockets we enforce that if P has a guard set of size д(Φ), then there must be exactly one guard at each guard segment and at each stationary guard position. Each guard segment represents a variable of Φ (with multiple segments representing the same variable) in the sense that the position of the guard on the segment specifies the value of the variable, the endpoints of a segment corresponding to the values 1/2 and 2.
We develop a technique for copying guard segments, i.e., enforcing that guards at two segments correspond to the same variable. We do that by introducing critical segments within the polygon, which can be seen by guards from two guard segments (but not from other guard segments). Then the requirement that a critical segment is seen introduces dependency between the guards at the corresponding segments. Different critical segments enforce different dependencies, and by enforcing that two guards together see two particular critical segments we ensure that the guards represent the same value. The stationary guards are placed to see the remaining areas of the polygon.
With this technique, we are able to copy two or three segments from an area containing guard segments corresponding to all variables into a gadget, where we will enforce a dependency between STOC'18, June [25] [26] [27] [28] [29] 2018 , Los Angeles, CA, USA Mikkel Abrahamsen, Anna Adamaszek, and Tillmann Miltzow the values of the variables represented by the two or three segments. This is done by constructing a corridor containing two critical segments for each pair of copied segments. The construction is technically demanding, as it requires the critical segments not to be seen from any other segments.
The gadgets have features that enforce the variables x, y, z represented by the guards to satisfy one of the conditions x + y ≥ z, x +y ≤ z, or x ·y = 1. The conditions are enforced by a requirement that two or three guards can together see one or more regions in the gadget, where each region is a line segment or a quadrilateral.
Finally, in Section 5, we conclude the paper by sketching how to avoid collinear triples of points and suggesting an open problem for future research.
THE ART GALLERY PROBLEM IS IN ∃R
Theorem 2.1. The art gallery problem is in the complexity class ∃R.
Sketch of proof. Let (P, д) be an instance of the art gallery problem. Consider the following formula Ψ that Micha Sharir described to Efrat and Har-Peled [20] :
For each i ∈ {1, . . . , д}, the variables x i , y i represent the position of a guard д i := (x i , y i ), and p := (p x , p y ) represents an arbitrary point. The predicate INSIDE-POLYGON(p x , p y ) tests if the point p is contained in the polygon P and SEES(x i , y i , p x , p y ) checks if the guard д i can see the point p. Thus, the formula is true if and only if P has a guard set of cardinality д.
The formula Ψ is not an existential formula. Our main idea behind obtaining a formula with no universal quantifier is finding a polynomial number of points inside P which, if all seen by the guards, ensure that all of P is seen. We denote such a set of points as a witness set.
Consider a set of guards in P, and a set of lines L containing either an edge of P, or a guard д i for i ∈ {1, . . . , д} and a corner v of P. We can show that the lines in L divide the plane into a collection of regions A which are convex polygons, each one either contained in P or contained in the complement of P, and such that for each region R ∈ A, each guard д i either sees all points of R, or sees no point of R. Thus, it is sufficient to test that for each region R ∈ A which is in P, at least one point in R is seen by a guard.
Let X be the set of all intersection points of lines in L, i.e., the set of all corners of all regions in A. In the formula Φ, we generate all points in X . Our witness set is the set of centroids for all triples of points in X . For each such point p we check that if p ∈ P, then p is seen by a guard.
THE PROBLEM ETR-INV
We will prove ∃R-hardness of the art gallery problem by a reduction from the problem ETR-INV, which we introduce below. In this section, we sketch the proof that ETR-INV is ∃R-complete. Definition 3.1. In the problem ETR-INV, we are given a set of real variables {x 1 , . . . , x n }, and a set of equations of the form 
We use a result of Schaefer and Štefankovič [43] to reduce Φ to a polynomial F with integer coefficients, so that the equation F = 0 has a solution if and only if Φ has a solution. Using a standard technique, we transform the equation F = 0 into a formula Φ ′ which is a conjunction of equations of the form x = 1, x + y = z, and x · y = z. It is known that for such a formula Φ ′ we either have no solution at all or there exists a solution inside the ball B(r ) centered at the origin with some radius r . As we know a convenient upper bound on r , we can use this to scale down all variables to the range [−1/8, 1/8]. Thereafter, we shift them to the range [1/2, 2]. In the final step, which is our novel contribution, we show how to substitute each equation of the form x · y = z with an equivalent set of equations using only addition and inversion, i.e., equations of the form x + y = z and x · y = 1, while ensuring that all variables stay in the range [1/2, 2]. Without this last constraint, the result would follow from the proof by Aho et al. [5, Section 8.2 ] that squaring and taking reciprocals is equivalent to multiplication.
The high-level idea of our construction is as follows. As for x {0, 1} we have 1
, a variable V x 2 satisfying V x 2 = x 2 can be constructed from x using only a sequence of additions and inversions. Similarly, as (x + y) 2 − x 2 − y 2 = 2xy, a variable V xy satisfying V xy = xy can be constructed from x and y using a sequence of additions and squaring. By controlling the possible ranges of variables at all stages of the reduction, we can ensure that in the final construction all variables stay in the range [1/2, 2].
REDUCTION FROM ETR-INV TO THE ART GALLERY PROBLEM
Overview of the Construction. Let Φ be an instance of ETR-INVconsisting of k equations with n variables X . We show that there exists a polygon P := P(Φ) with corners at rational coordinates which can be computed in polynomial time such that Φ has a solution if and only if P can be guarded by some number д := д(Φ) of guards. The number д will follow from the construction. A sketch of the polygon P is shown in Figure 1 Each variable x ∈ X is represented by a collection of guard segments, which are horizontal line segments contained in the interior of P. Consider one guard segment s := ab, where a is to the left of b. Suppose that s represents the variable x and that there is exactly one guard p placed on s. The guard p on s specifies the value of the variable x, usually as 1 2 + 3 ∥ap ∥ 2 ∥ab ∥ , i.e., as a linear map from s to
Suppose that Φ has a solution. Then we will that any optimal guard set G of P has size д(Φ) and specifies a solution to Φ in the sense that it satisfies the following two properties.
• Each variable x ∈ X is specified consistently by the corresponding guards in G.
• The guard set G is feasible, i.e., the values of X thus specified give a solution to Φ.
Moreover, if there is no solution to Φ, each guard set of P consists of more than д(Φ) guards. The polygon P is constructed in the following way. The bottom part of the polygon consists of a collection of pockets, containing in total 4n collinear and equidistant guard segments s 1 , . . . , s 4n . We denote the horizontal line containing these guard segments as the base line or ℓ b . At the left and at the right side of P, there are some corridors attached, each of which leads into a gadget. The entrances to the corridors at the right side of P are line segments contained in a vertical line ℓ r . Likewise, the entrances to the corridors at the left side of P are contained in a vertical line ℓ l . The gadgets also contain guard segments, and they are used to impose dependencies between the guards such that if there is a solution to Φ, then any minimum guard set of P consists of д(Φ) guards and specifies a solution to Φ in the sense defined above. The corridors are used to copy the positions of guards on guard segments on the base line to guards on guard segments inside the gadgets. Each gadget corresponds to a constraint of one of the types x + y ≥ z, x + y ≤ z, x · y = 1, x + y ≥ 5/2, and x + y ≤ 5/2. The first three types of constraints are used to encode the dependencies between the variables in X as specified by Φ, whereas the latter two constraints are used to attain different representations of the same variable, as needed in the inversion gadget. The constraints of type x = 1 are enforced by modifying the pocket containing a guard segment corresponding to x.
Creating Stationary Guard Positions and Guard Segments. We denote some points in P as stationary guard positions. A guard placed at a stationary guard position is called a stationary guard. A stationary guard position is the unique point p ∈ P such that a guard placed at p can see some set of corners (usually two corners) of P. We will show that not placing a guard at a stationary guard position necessarily leads to a suboptimal solution. We use stationary guards for the purpose of seeing some region on one side of a line segment ℓ, but no points on the other side of ℓ. See Figure 2 (left) for an explanation of how such a construction can be made.
We likewise denote some horizontal line segments of P as guard segments. A guard segment s consists of all points from which a guard can see some set of four corners of P. See Figure 2 (middle) for an example of such a construction. The constraints of type x = 1 are enforced by modifying this construction, see Figure 2 (right).
In the full version of the reduction, we will prove that for any guard set of size of at most д(Φ), there is one guard placed on each stationary guard position and at each guard segment, and there are no guards except for these positions. As explained earlier, guards placed on the guard segments will be used to encode the values of the variables of Φ.
Imposing Inequalities by Nooks and Umbras. The nooks and umbras are our basic tools used to impose dependency between guards placed on two different guard segments, see Figure 3 . A nook and an umbra is a quadrilateral Q, defined by a pair of guard segments r 0 , r 1 and a pair of corners c 0 , c 1 of the polygon. The corners of Q are c 0 , c 1 , and the two intersection points f 0 , f 1 of rays originating at the endpoints of the guard segments, and containing the corners c 0 and c 1 . For the case of the nook, the line segment c 0 c 1 is in the interior of P, while f 0 f 1 lies on the boundary of P. For the case of the umbra, c 0 c 1 lies on the boundary of P, while f 0 f 1 lies in the interior of P. The critical difference between the nook and an umbra is that the corners c 0 , c 1 for nooks and umbras are blocking visibility of the line segment f 0 f 1 from different sides. The line segment f 0 f 1 is called a critical segment of Q. Formal defintions of nooks and umbras can be found in the full version [3] . Figure 2 : Left: The construction of a stationary guard position p that sees an area in P below a line segment ℓ. The regions T 1 ,T 2 are the regions of points that see q 1 , q 2 , respectively, and p is the only point that sees both q 1 and q 2 . The point p sees the points in the wedge W , and the angle of the wedge can be adjusted by choosing the point h accordingly. Middle: The construction of a guard segment s. In order to see the points t 0 , t 1 , u 0 , u 1 , a guard must be on s. Right: If a guard д needs to see t 0 , t 1 , d 1 and d 2 , it must be placed at the unique point representing the value 1.
The brown areas Q represent a nook (left), and an umbra (right) for the guard segments r 0 := a 0 b 0 and r 1 := a 1 b 1 . Note that if a guard д placed on r 1 in the left figure has to see the whole line segment f 0 f 1 together with a guard placed at p 0 , then д must be on or to the left of the point p 1 (i.e., within the bold blue line segment). If the same condition is required for the right figure, then д must be on or to the right of p 1 . Figure 4 : Q 1 is a copy-nook of the segments r 0 := a 0 b 0 and r 1 := a 1 b 1 with a critical segment f 0 f 1 , and Q 2 is a copy-umbra for the same pair with a critical segment f 2 f 3 . It can be seen that this polygon cannot be guarded by fewer than 3 guards, and any guard set with 3 guards must contain a guard д 0 on r 0 , a guard д 1 on r 1 , and a stationary guard at the point д 2 . The guards д 0 and д 1 must specify the same value on r 0 and r 1 , respectively.
We will construct nooks and umbras for pairs of guard segments where we want to enforce dependency between the values of the corresponding variables. When making use of an umbra, we will also create a stationary guard position from which a guard sees the whole quadrilateral Q, but nothing on the other side of the critical segment f 0 f 1 . In this way we can enforce that the guards on r 0 and r 1 together see all of f 0 f 1 , since they need to see an open region on the other side of, and bounded by, f 0 f 1 . See Figure 4 for an example of a construction of both a nook and an umbra for a pair of guard segments.
A nook (or an umbra) Q with the property that the corresponding corners c 0 and c 1 have the same y-coordinate is called a copy-nook (or a copy-umbra, respectively). Consider a pair of guard segments r 0 , r 1 , for which there is both a copy-nook and a copy-umbra. We can show that if there is one guard placed on each segment, and the guards together see the critical segments of the nook and the umbra, then the two guards specify the same value. We use this observation to make one guard segment a copy of another. See Figure 4 , where the guard segment a 1 b 1 is a copy of a 0 b 0 .
Corridors. Inside each gadget there are three (or two) guard segments r i , r j , r l (or r i , r j ) corresponding to three (or two) pairwise different guard segments from the base line s i , s j , s l (or s i , s j ). A corridor ensures that the segments r i , r j , r l are copies of the segments s i , s j , s l , respectively. To obtain that, we need to construct within the corridor a copy-nook and a copy-umbra for each pair of corresponding segments, see Figure 5 (left) for a simplified illustration, and The lower wall of the corridor is a horizontal edge c 0 , c 1 . The corners c 0 , c 1 of the corridor are corners of three overlapping copyumbras for the pairs (s i , r i ), (s j , r j ), and (s l , r l ), respectively, see the brown areas in Figure 5 (right). We construct the top wall of the corridor so that it creates three copy-nooks for the same pairs. To enforce that for any guard set of size д(Φ), for each σ ∈ {i, j, l } the guard segments s σ and r σ specify the same value, we have to ensure that no guards on guard segments other than s σ and r σ can see the critical segments of the copy-umbra and the copynook of the pair s σ , r σ . The precise construction of the corridor that ensures this property is highly non-trivial. The high-level idea behind the construction is as follows. By placing the corridor sufficiently far away from the segments on the base line, and by making the corridor entrance (the line segment c 0 d 0 in the figures) sufficiently small, we obtain that each point in the corridor which is far enough from the corridor entrances can be seen by points from at most one guard segment placed on the base line, and from at most one guard segment placed within the gadget. Stationary guards within the corridor -placed at points p i , p j , p l in Figure 5 (right) -ensure that the remaining area of the corridor is seen.
Addition Gadget. For any equation of the form x + y = z in Φ, we construct a ≥-addition gadget which represents the inequality x +y ≥ z, and a ≤-addition gadget for the inequality x +y ≤ z. The general idea behind the construction of the gadget imposing the ≥-inequality can be seen in Figure 6 .
We can place three guard segments in such a way that a certain quadrilateral Γ is seen by the guards д x , д y , д z placed on the respective guard segments if and only if the corresponding values x, y, z satisfy the inequality x + y ≥ z. The area of the gadget except Γ can be seen with the help of stationary guards. The actual gadget is more complicated, as the guard segments within the gadget need to be copies (where copying is performed via corridor, as described earlier) of the base line guard segments.
The gadget enforcing the ≤-inequality is obtained in a similar way, and the idea behind it can be pictured by a reflection of the picture from Figure 6 .
Inversion Gadget. In the inversion gadget, we have two guard segments corresponding to some variables x and y. We construct an umbra Q u (this time not a copy-umbra) such that the two guards Figure 6 : The thick black segments are edges of a polygon. In order to see the yellow quadrilateral Γ together with д x and д y , the guard д z must be on or to the left of the indicated position. We can show that, for carefully chosen positions of the guard segments and corners of the polygon, this implies x + y ≥ z.
placed on the segments see the whole critical segment of Q u if and only if the corresponding values satisfy x · y ≤ 1. We also construct a nook Q n which enforces the inequality x · y ≥ 1. Enforcing that the guards together see both Q u and Q n yields the equality x ·y = 1. The difficulty in the construction was finding rational coordinates of the corners of the nook and the umbra, which seemed only to be possible if the two guard segments were at different heights. This construction also requires changing orientation of one of the guard segments, such that the left endpoint corresponds to the value 2, and the right endpoint corresponds to the value 1/2.
CONCLUDING REMARKS
Removing Degeneracies. The polygon P(Φ) described in Section 4 is degenerate in the sense that it contains many triples of collinear corners. We now show that the construction can be slightly modified in order to avoid all such collinear triples. A general position assumption makes a remarkable difference in the complexity of some problems, such as recognizing point visibility graphs, which is trivially in P for points in general position and ∃R-complete for STOC'18, June [25] [26] [27] [28] [29] 2018 , Los Angeles, CA, USA Mikkel Abrahamsen, Anna Adamaszek, and Tillmann Miltzow general sets of points [15] . We therefore believe it is interesting to note that the ∃R-completeness of the art gallery problem does not rely on degeneracies.
There are four collinear corners for each guard segment s in P, two of which are in a spike forcing the guard to be below s and two forcing the guard to be above s. We claim that removing the latter spike, and thus only bounding the guard to be below s, does not introduce new optimal guard sets in P. By making the angle of the remaining spike sufficiently small, the guard is restricted to a thin quadrilateral s below s such that a guard in s can only see points on the critical segments that a guard on s is intended to see. We conclude that there must be a guard in any such quadrilateral s and that they must see the same critical segments, and the same regions Γ in the addition gadgets, as the guards on the respective guard segments see in the original construction.
In the following we argue that each guard must be on the respective guard segment and not below. Consider two guard segments s 0 := a 0 b 0 and s 1 := a 1 b 1 for which there is a nook Q 1 and an umbra Q 2 . Suppose furthermore that there is a bijection π between s 0 and s 1 of points that can together see the critical segments f 0 f 1 and f 2 f 3 of Q 1 and Q 2 , respectively. This is the case for each pair of guard segments which have a copy-nook and a copy-umbra and for the two guard segments in each inversion gadget. See Figure 7 . If a guard д is placed below s 0 , it sees strictly less of f 0 f 1 and f 2 f 3 than every point in an interval of s 0 , and due to the existence of the bijection π , it follows that no point on or below s 1 can see the remaining parts of f 0 f 1 and f 2 f 3 . Hence, if two guards see f 0 f 1 and f 2 f 3 together, they must be on the segments s 0 and s 1 . Finally, we have multiple collinear points on the bottom wall of P and on vertical lines passing through the corridors and gadgets. One can verify that small vertical pertubations of the points on the bottom wall and horizontal pertubations of the corridors and gadgets do not affect the overall construction (this requires adjusting the corridors accordingly). We conclude that the art gallery problem is ∃R-complete even for polygons with corners in general position.
Our construction also contains degeneracies in the form of three edges intersecting each other in the same point, which is used for the construction of stationary guard positions. We leave it to the reader to observe that these can likewise be avoided.
Open Problems. Note that the guard segments are in the interior of P. It is easy to adjust the construction so that each guard segment is contained in an edge of the boundary of P. We obtain that the variant of the problem where the guards are restricted to the boundary is also ∃R-complete. The critical segments of umbras and the regions Γ in addition gadgets are in the interior of P. It is therefore an interesting open question what the complexity is of guarding only the boundary of a given simple polygon. Guarding the boundary using vertex or point guards is known to be NP-hard [27] .
We proved that we can encode an instance of the art gallery problem as an existential formula using (n + k) 6 variables, where n is the number of corners of the polygon and k is the number of guards. It is natural to investigate how many variables are in fact needed, as fewer variables lead to faster algorithms for the art gallery problem. For instance, is it necessary to use Ω(k) variables? Moitra [34] worked on a similar problem in the context of computing the nonnegative rank of a matrix.
